The number of independent sets is equivalent to the partition function of the hard-core lattice gas model with nearest-neighbor exclusion and unit activity. We study the number of independent We also conjecture the upper and lower bounds for the asymptotic growth constant z SG d,2 with
I. INTRODUCTION
The lattice gas with repulsive pair interaction is an important model in statistical mechanics [1] [2] [3] [4] . For the special case with hard-core nearest-neighbor exclusion such that each site can be occupied by at most one particle and no pair of adjacent sites can be simultaneously occupied, the partition function of the lattice gas coincides with the independence polynomial in combinatorics [5, 6] . This model is a problem of interest in mathematics [7] [8] [9] [10] . While an activity (or fugacity) λ can be associated to each occupied site, the special case with λ = 1 counts the number of independent (vertex) sets N IS (G) on a graph G [11] . Kaplansky considered the number of k-element independent sets on the path and circuit graphs almost 70 years ago [12] . For a graph G with v(G) vertices, the number of independent sets grows exponentially when v(G) is large. For the m × n grid graph, i.e. the square lattice (sq), it was shown that the limit lim m,n→∞ N IS (sq)
1/mn exists and its upper and lower bounds were estimated [13] . The number of independent sets and its bounds had been considered on various graphs [14] [15] [16] .
It is of interest to consider independent sets on self-similar fractal lattices which have scaling invariance rather than translational invariance [17] . Fractals are geometric structures of (generally noninteger) Hausdorff dimension realized by repeated construction of an elementary shape on progressively smaller length scales [18, 19] . A well-known example of a fractal is the Sierpinski gasket which has been extensively studied in several contexts [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
We shall derive the recursion relations for the numbers of independent sets on the Sierpinski gasket with dimension equal to two, three and four, and determine the asymptotic growth constants. We shall also consider the number of independent sets on the generalized two-dimensional Sierpinski gasket with layer equal to three.
II. PRELIMINARIES
We first recall some relevant definitions for graphs and the Sierpinski gasket in this section.
A connected graph (without loops) G = (V, E) is defined by its vertex (site) and edge (bond) sets V and E [37, 38] . Let v(G) = |V | be the number of vertices and e(G) = |E| the number of edges in G. The degree or coordination number k i of a vertex v i ∈ V is the number of edges attached to it. A k-regular graph is a graph with the property that each of its vertices has the same degree k. An independent set is a subset of the vertices such that any two of them are not adjacent.
When the number of independent sets N IS (G) grows exponentially with v(G) as v(G) → ∞, let us define a constant z G describing this exponential growth:
where G, when used as a subscript in this manner, implicitly refers to the thermodynamic limit. We will see that the limit in Eq. (2.1) exists for the Sierpinski gasket considered in this paper.
The construction of the two-dimensional Sierpinski gasket SG 2 (n) at stage n is shown in Fig. 1 . At stage n = 0, it is an equilateral triangle; while stage (n + 1) is obtained by the juxtaposition of three n-stage structures. In general, the Sierpinski gaskets SG d can be built in any Euclidean dimension d with fractal dimension D = ln(d + 1)/ ln 2 [21] . For the Sierpinski gasket SG d (n), the numbers of edges and vertices are given by
Except the (d + 1) outmost vertices which have degree d, all other vertices of SG d (n) have degree 2d. In the large n limit, SG d is 2d-regular.
The first four stages n = 0, 1, 2, 3 of the two-dimensional Sierpinski gasket SG 2 (n).
The Sierpinski gasket can be generalized, denoted as SG d,b (n), by introducing the side length b which is an integer larger or equal to two [39] . The generalized Sierpinski gasket at stage n + 1 is constructed from b layers of stage n hypertetrahedrons. The two-dimensional is not k-regular even in the thermodynamic limit. 
III. THE NUMBER OF INDEPENDENT SETS ON SG 2 (n)
In this section we derive the asymptotic growth constant for the number of independent sets on the two-dimensional Sierpinski gasket SG 2 (n) in detail. Let us start with the definitions of the quantities to be used. Since we only consider the ordinary Sierpinski gasket in this section, we use the notations
, h 2 (n) and p 2 (n) for simplicity. They are illustrated in Fig. 3 , where only Similarly, g 2 (n+1), h 2 (n+1) and p 2 (n+1) for SG 2 (n+1) can be obtained with appropriate configurations of its three constituting SG 2 (n) as illustrated in Figs. 5, 6 and 7 to verify Eqs. Alternatively, it is known that the number of dimer-monomers on a graph G is the same as the number of independent sets on the associated line graph L(G) [40] . Consider the sequence of graph H(n) shown in Fig. 8 that is obtained by adding an extra edge to each of the outmost vertices of the Hanoi graph. As H(n) has SG 2 (n) as its line graph, the enumeration of the number of independent sets on SG 2 (n) is equivalent to the enumeration of the number of dimer-monomers on these H(n). One can define corresponding quantities 
H(0)
H (1) H (2) H ( The values of f 2 (n), g 2 (n), h 2 (n), p 2 (n) for small n can be evaluated recursively by Eqs.
(3.2) -(3.5) as listed in Table I . These numbers grow exponentially, and do not have simple integer factorizations. To estimate the value of the asymptotic growth constant defined in Eq. (2.1), we need the following lemmas.
For the generalized two-dimensional Sierpinski gasket SG 2,b (n), define the ratios
where n is a positive integer. For the ordinary Sierpinski gasket in this section, they are simplified to be α 2 (n), β 2 (n), γ 2 (n) and their values for small n are listed in Table II . From
Lemma III.2 For any positive integer n, the ratios satisfy
When n increases, the ratio α 2 (n) increases monotonically while γ 2 (n) decreases monotonically. The three ratios in the large n limit are equal to each other 
The last digits given are rounded off. Proof It is clear that Eq. (3.7) is valid for small values of n given in Table II . In order to save space, we will use α n , β n , γ n to denote α 2 (n), β 2 (n), γ 2 (n) for the lengthy equations in this Lemma. By definition, we have
for a positive n, where
such that
It follows that
where
(3.14)
Using the fact that α n , β n , γ n ∈ (0, 1] and the inequality β n ≤ γ n to be shown below, α n ≤ β n is proved by induction. Define ǫ n = γ n − α n , which is larger than γ n − β n and β n − α n as we shall prove β n ≤ γ n , then
Similarly, we have
and
Using the fact that α n , β n , γ n ∈ (0, 1] and the inequality α n ≤ β n given above, β n ≤ γ n is proved by induction. We also have
From Eqs. (3.15) and (3.19), we obtain ǫ n+1 ≤ 2ǫ 2 n for all positive n by induction. It follows that for any positive integer m ≤ n,
Taking m as an integer larger than one, then the values of α n , β n , γ n are close to each other when n becomes large.
Finally, it is clear that α 2 (n) increases monotonically as n increases by Eq. (3.11). As
we know γ 2 (n) decreases monotonically as n increases, and the proof is completed.
Numerically, we find
From the above lemma, we have the following bounds for the asymptotic growth constant.
As the number of vertices of SG 2 (n) is 3(3 n + 1)/2 by Eq. (2.3), the upper bound for z SG 2 defined in Eq. (2.1) follows. The lower bound for z SG 2 can be derived similarly.
As m increases, the difference between the upper and lower bounds in Eq. (3.23) becomes small and the convergence is rapid. The numerical value of z SG 2 can be obtained with more than a hundred significant figures accurate when m is equal to eight.
Proposition III.1 The asymptotic growth constant for the number of independent sets
on the two-dimensional Sierpinski gasket SG 2 (n) in the large n limit is z SG 2 = 0.38430953443368558352....
As mentioned previously, the number of dimer-monomers on the graph H(n) illustrated in Fig. 8 is the same as the number of independent sets on the two-dimensional Sierpinski gasket SG 2 (n). Similar to Eq. (2.1), one can define a constant for the exponential growth of the number of dimer-monomers: 26) where N DM (G) is the number of dimer-monomers on a graph G. As the number of vertices of H(n) is 3 n + 3, we have the following corollary.
Corollary III.1 The asymptotic growth constant for the number of dimer-monomers on
the graph H(n) in the large n limit is z ′ H = 0.57646430165052837528....
To the best of our knowledge, this result has not been obtained elsewhere.
IV. THE NUMBER OF INDEPENDENT SETS ON SG 2,3 (n)
The method given in the previous section can be applied to the number of independent Table III . These numbers grow exponentially, and do not have simple integer factorizations. The values of the ratios α 2,3 (n), β 2,3 (n), γ 2,3 (n) defined in Eq. (3.6) for small n are listed in Table IV . The sequence of α 2,3 (n) decreases monotonically as n increases, while β 2,3 (n) increases monotonically. Except the first term γ 2,3 (1), γ 2,3 (n) also increases monotonically for n ≥ 2. We again have α 2,3 (n),
n ≥ 2, in contrast to Lemma III.2. More than a hundred significant figures for z SG 2,3 can be obtained when m is equal to five.
We have the following proposition.
Proposition IV.1 The asymptotic growth constant for the number of independent sets
on the two-dimensional Sierpinski gasket SG 2,3 (n) in the large n limit is z SG 2,3 = 0.38135033366164857274....
V. THE NUMBER OF INDEPENDENT SETS ON SG 3 (n)
In this section, we derive the asymptotic growth constant of independent sets on the three-dimensional Sierpinski gasket SG 3 (n). We use the following definitions. The quantities f 3 (n), g 3 (n), h 3 (n), p 3 (n) and q 3 (n) are illustrated in Fig. 9 , where only the outmost vertices are shown. There are
= 6 equivalent h 3 (n), and
The initial values at stage zero are
Illustration for the configurations f 3 (n), g 3 (n), h 3 (n), p 3 (n) and q 3 (n). Only the four outmost vertices are shown explicitly, where a solid circle is in the vertex subset and an open circle is not.
The recursion relations are lengthy and given in the appendix. Some values of f 3 (n), Table V . These numbers grow exponentially, and do not have simple integer factorizations.
Define ratios
for a positive integer n as in Eq. (3.6). As n increases, we find α 3 (n) increases monotonically while β 3 (n), γ 3 (n), δ 3 (n) decreases monotonically with the relation
. The values of these ratios for small n are listed in Table VI . Numerically, we find 
The last digits given are rounded off. By a similar argument as Lemma III.3, the asymptotic growth constant for the number of independent sets on SG 3 (n) is bounded:
where m is a positive integer. More than a hundred significant figures for z SG 3 can be obtained when m is equal to seven. We have the following proposition.
Proposition V.1 The asymptotic growth constant for the number of independent sets
on the three-dimensional Sierpinski gasket SG 3 (n) in the large n limit is z SG 3 = 0.32859960572147955761....
In this section, we derive the asymptotic growth constant of independent sets on the four-dimensional Sierpinski gasket SG 4 (n). We use the following definitions. The quantities f 4 (n), g 4 (n), h 4 (n), p 4 (n), q 4 (n) and r 4 (n) are illustrated in Fig. 10 , where only the outmost vertices are shown. There are The recursion relations are lengthy and given in the appendix. Some values of f 4 (n), g 4 (n), Table VII . These numbers grow exponentially, and do not have simple integer factorizations. Define ratios
for a positive integer n as in Eq. (3.6). As n ≥ 2 increases, we find α 4 (n) increases monotonically while β 4 (n), γ 4 (n), δ 4 (n), η 4 (n) decreases monotonically with the relation
. The values of these ratios for small n are listed in Table VIII . Numerically, we find
By a similar argument as Lemma III.3, the asymptotic growth constant for the number of independent sets on SG 4 (n) is bounded:
where m is a positive integer. More than a hundred significant figures for z SG 4 can be obtained when m is equal to seven. We have the following proposition.
Proposition VI.1 The asymptotic growth constant for the number of independent sets
on the four-dimensional Sierpinski gasket SG 4 (n) in the large n limit is z SG 4 = 0.28916553234872775551.... 
VII. BOUNDS OF THE ASYMPTOTIC GROWTH CONSTANTS
For the d-dimensional Sierpinski gasket SG d (n), we conjecture that similar upper and lower bounds for the asymptotic growth constant as in Lemma III.3 hold, Table IX We give the recursion relations for the generalized two-dimensional Sierpinski gasket SG 2,3 (n) here. Since the subscript is d = 2, b = 3 for all the quantities throughout this section, we will use the simplified notation f n+1 to denote f 2,3 (n + 1) and similar notations for other quantities. For any non-negative integer n, we have
There are always 128 = 2 7 terms (counting multiplicity) in these equations.
Appendix B: Recursion relations for SG 3 (n)
We give the recursion relations for the three-dimensional Sierpinski gasket SG 3 (n) here.
Since the subscript is d = 3 for all the quantities throughout this section, we will use the simplified notation f n+1 to denote f 3 (n + 1) and similar notations for other quantities. For any non-negative integer n, we have 
p n+1 = f n g 3 n + 3f n g n h 2 n + 3g 3 n h n + 6g n h 3 n + 3f n h 2 n p n + 6g 2 n h n p n + 7h 3 n p n + 9g n h n p 2 n + f n p 3 n +3g n h 2 n q n + 6h n p 3 n + 6h 2 n p n q n + 3g n p 2 n q n + 3p 
There are always 64 = 2 6 terms (counting multiplicity) in these equations.
simplified notation f n+1 to denote f 4 (n + 1) and similar notations for other quantities. For any non-negative integer n, we have 
3 n g n h n + 6f 2 n g n h n p n +9g 4 n h n + 6f n h 4 n + 36f n g n h
